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1. INTRODUCTION 
In this note we consider triangular arrays of numbers, A(n, k), which 
satisfy a recurrence of the form 
A(n, k) = f(n, k) A(n - 1, k - 1) + g(n, k) A(n - 1, k) 
subject to the boundary conditions 
(1) 
A(n, 0) = A(n, n + 1) = 0 (n = 1, 2, 3,...) 
and with f(n, k), g(n, k) positive for 1 < k < n, n = 1, 2 ,... . For con- 
venience we take A(1, 1) = 1. Such a triangular array is said to have the 
strong logarithmic concavity (SLC) property if 
A(n, k)2 - A@, k - 1) A@, k + 1) > 0 (2) 
for 1 < k < II, n = 1, 2, 3 ,... . It is easily seen that the binomial coeffi- 
cients have the SLC property. Harper [4] has shown that the Stirling 
numbers of the second kind have the SLC property. The Stirling numbers 
of the first kind also have the property, as was shown by Lieb [5]. Both 
Harper and Lieb made use of generating functions. Dobson [3] has 
shown that the Stirling numbers of the second kind have the unimodal 
property, a property which is implied by the SLC property. In this note 
we give sufficient conditions to guarantee that an array will have the SLC 
property, making use only of the recurrence (1). These results apply 
to the arrays mentioned above, as well as several other arrays which arise 
in combinatorial work, as will be seen in Section 3. 
* Present address: Department of Mathematics, Salem College, Winston-Salem, 
N.C. 27108. 
135 
Copyright 0 1972 by Academic Press, Inc. 
AI1 rights of reproduction in any form reserved. 
136 KURTZ 
2. THEOREMS 
First we consider some special cases of the recurrence (1). 
LEMMA 1. If the triangular array A(n, k) satisfies the recurrence 
Ah4 = f(k) dn, W 4n - 1, k - 1) + An, k) A@ - 1, k), (f(l) = 11, 
then 
where 
and 
A(1, 1) = A(l, 1) 
&n, k) = g(n, k)(;T(n - 1, k - 1) + A(n - 1, k)). 
ProoJ The proof is obvious. 
THEOREM 1. Zf the triangular array A(n, k) satisfies the recurrence 
A(n, k) = g(n, k)(A(n - 1, k - I) + A(n - 1, k)) (An, k> > 0) 
and 
gh W2 - dn, k - 1) An, k + 1) 3 0 (I < k < n; n = 1, 2,...), 
then the array A(n, k) has the SLC property. 
ProoJ: Certainly (2) holds for n = 1 so we suppose that (2) is true 
forn=m.Then,forl <k<m+ 1, 
A(m + 1, k)2 - A(m + 1, k - 1) A(m + 1, k + 1) 
= g(m + 1, M2(A(m, k - 1) + Ah WI2 
- g(m + 1, k - 1) g(m + 1, k + 1)(&n, k - 2) + A@, k - 1)) 
x Mm, k) + Ah, k + 1)) 
> g(m + 1, k)2[A(m, k - 1)” - A(m, k - 2) A(m, k) + A(m, k)2 
- A(m, k - 1) A(m, k + 1) + A(m, k - 1) A(m, k) 
- A(m, k - 2) A(m, k + I)] 
> g(m + 1, k)2[A(m, k - 1) A(m, k) - A(m, k - 2) A(m, k + l)]. 
Since A(m, k - 1) A(m, k) > A(m, k - 2) A(m, k + 1) by the induction 
hypothesis, this completes the proof. 
COROLLARY 1. If the triangular array A(n, k) satisfies the recurrence 
A@, k) = f(k) An, k) A@ - 1, k - 1) + gh k> A@ - 1, k) (f(l) = 1) 
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and 
g(n, k)2 - g(n, k - 1) g(n, k + 1) 2 0 (1 < k < n; n = 1,2,...) 
f(k) > 0 (k = 1,2,...), (gh k> > 0) 
then 
A(n, k)2 - f(k) 
f(k + 1) 
A(n, k - 1) A(n, k + 1) > 0 
(1 < k < n; n = 1, 2,...). 
Proof. This follows directly from Lemma 1 and Theorem 1, since 
(using the notation of Lemma I), 
0, W2 - pckf’:’ 1> A(n, k - 1) A(n, k + 1) 
= (f(k)f(k - 1) . ..f(l))“(@. k)2 - A(n, k - 1) A@, k + 1)) > 0. 
In a somewhat different direction, we have the following result. 
THEOREM 2. If the triangular array A@, k) satisfies the recurrence 
A(n,k) =f(n,k)A(n- l,k- l)+g(n,k)A(n- 1,k) 
and 
2f(n, k) -f(n, k - 1) -f(n, k + 1) > 0 (1 < k < n; n = 1,2 ,... ), (3) 
2g(n,k)-g(n,k-1)-g(n,k+l)>,O (1 <k<n;n=1,2,...), (4) 
then the array A(n, k) has the SLC property. 
Proof. First we note that (3) and (4) imply 
f(n, kj2 - f(n, k + l)f(n, k - 1) 3 Wh k - 1) - f(n, k + l)j2 
and 
g(n, k)2 - g(n, k + 1) g(n, k - 1) 3 &(g(n, k - 1) - g(n, k + l))2. 
Again the proof is by induction on n. Clearly, (2) holds for n = 1. We 
suppose that it is true for n = m and 1 < k < m + 1. Then 
A(m+1,k)2-A(m+1,k-l)A(m+1,k+1) 
= Lf(m + 1, k) A@, k - 1) + s(m + 1, k> A@, k)12 
- [f(m + 1, k - 1) A(m, k - 2) + g(m + 1, k - 1) A(m, k - I)] 
x Lf(m + 1, k + 1) A@, k) + g(m + 1, k + 1) Ah k + 1)l 
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2 &I, k - 112Lf(m + 1, k12 -f(m + 1, k - l)f(m + 1, k + l)] 
+ 4m, Wg(m + 1, k12 - g(m + 1, k - 1) g(m + 1, k + l)] 
+ A(m,k)A(m,k - l>Pf(m + l,k)g(m + 1,k) 
-f(m + 1, k + 1) g(m + 1, k - 111 
- f (m + I, k - 1) g(m + 1, k + 1) A(m, k - 2) A(m, k + 1) 
3 tP(m, k - l>(f (m + 1, k - 1) -f(m + 1, k + WI” 
+ Mb, k)Mm + 1, k + 1) - dm + 1, k - 1)>1” 
+ A(m, k> A@, k - 1)[Y(m + 1,k) g(m + 1, k) 
-f(m + l,k + l>g(m + Lk - 111 
-f(m+l,k-l1)g(m+1,k+l)A(m,k-22)A(m,k+l) 
= t[A(m,k - l>(f(m + l,k - 1) -f(m + I,k + 1)) 
- Ah, k)(g(m + 1, k + 1) - g(m + 1, k - WI” 
+ A(m, k> Ah, k - 1)Ff (m + 1, 4 g(m + 1, k) 
-f(m + Lk + l>g(m + 1, k - 1) + Hf(m + Lk - 1) 
-f(m + l,k+ Wdm + I,k+ I)-g(m + l,k- 1111 
-f(m + l,k - l)g(m + l,k + l>A(m,k - 2)4m,k + 1) 
>f(m+ l,k- 1)&n+ l,k+ l)[&m,k)A(m,k- 1) 
- A(m, k - 2) A(m, k + l)]. (5) 
Since A(m, k) A(m, k - 1) > A(m, k - 2) A(m, k + 1) by the induction 
hypothesis, (5) is positive. To complete the induction, we note that, for 
k=landk=m+ 1,(2)isclear. 
3. APPLICATIONS 
As an application of Corollary I we note that the Stirling numbers 
of the second kind, S(n, k), satisfy the recurrence 
S(n,k)=S(n- l,k- I)+kS(n- 1,k) 
and thus also satisfy 
S(n, k)2 - F S(n, k - 1) S(n, k + 1) > 0. 
Another application is to the divided central differences of zero [2] which 
satisfy the recurrence 
K(n,k)=K(n-l,k-l)+k2K(n-1,k). 
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Hence, by Corollary 1, they also satisfy 
K(n, k)2 - (9)’ K(n, k - 1) K(n, k + 1) > 0. 
We may use Theorem 2 to show that many familiar arrays have the 
SLC property, for example the binomial coefficients and the Stirling 
numbers of the first and second kinds. It also applies to the less familiar 
arrays below: 
(a) Eulerian numbers, A@, k), 16, Chapter 81 which satisfy the 
recurrence 
A(n,k)==(n-k+l)A(n-l,k-l)+kA(n-1,k). 
(b) Numbers associated with Stirling numbers of the first kind, 
&*(n, k) [I], which satisfy the recurrence 
Sl*(n, k) = (2n - k - l)(S,*(n - 1, k - 1) + S,*(n - 1, k)). 
(c) Numbers associated with Stirling numbers of the second kind, 
S*(n, k) [l], which satisfy the recurrence 
S*(n, k) = (a - k) S*(n - 1, k - 1) + (2n - k - 1) S*(n - 1, k). 
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